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Abstract
We consider western boundary out,ow in a two-dimensional rectangular basin on a beta plane with bottom
drag. The nature of the ,ow in the boundary layer is determined by a parameter  which measures the
nonlinearity of the ,ow. When  is smaller than some critical value c, the boundary layer remains attached
to the western wall, but as  is increased above c, a separation bubble develops, and the point of separation
moves south with increasing . If a classical boundary layer expansion as suggested by Prandtl, (Motion
of Fluids with Very Little Viscosity, Technical Memo-452, NACA, Washington, DC, 1928) is attempted, a
Goldstein separation singularity develops (Quart. J. Mech. Appl. Math. 1 (1948) 43). We show that if an
alternative expansion is used inside the boundary layer, this singularity can be removed and the ,ow can be
extended past separation.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The large-scale circulation of the oceans is one of the most important and complex problems arising
in geophysical ,uid dynamics. Due to this combination of importance and complexity, various simple
models have been developed over the years to further our understanding of various aspects of the
dynamics of the circulation. One of the features of this circulation of particular interest over the
years has been the ,ow near the western boundary [13,25] because of the obvious importance of the
Gulf Stream in the North Atlantic and similar phenomena in other oceans. Since the Gulf Stream
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separates from the US east coast at Cape Hatteras, one particular aspect of the western boundary
current that has been of interest to oceanographers is the issue of when and how it separates from
the boundary. Even some very simple models can mimic this separation, and in this study, we revisit
one of the simplest of these models, that due to Stommel [41] which consists of two-dimensional
,ow in a rectangular basin on a beta plane with the frictional forces represented by an eFective
bottom drag −r∇2 . We should point out that in this paper we use the term separation to include a
“separation bubble” (which oceanographers sometimes term a “recirculation gyre”) as well as a fully
detached boundary layer. The analysis presented here is for the Stommel model, but we note that
a slightly more complicated (and realistic) model is that due to Munk [22], in which the frictional
forces are represented by lateral friction Re−1∇4 . Although the Munk model is far more realistic
as a model of the circulation of a real ocean, it is less tractable analytically. Our experience [18] is
that the boundary layers in the two models behave in a somewhat similar manner, and therefore it
is likely that our analysis for the Stommel will provide additional insight to the Munk model.
Over the years, many familiar names in oceanography have studied the Stommel model. Early
contributions included those from Sverdrup [42], FofonoF [8], Morgan [21], and Niiler [23], along
with that of Charney [4], who suggested the need for an inertial boundary layer on the western wall,
and the pioneering numerical study by Veronis [43,44], who performed a numerical study. More
recent work includes that of Harrison and Stalos [11], Zimmerman [46] and a fascinating study by
Barcilon [1], who considered the various regimes that might arise as the importance of the Coriolis
and friction terms was varied. The reader is referred to the monograph by Robinson [27] for the
earlier work and that by Pedlosky [25] for discussion of the later studies.
In the Stommel model (and also the Munk model) frictional forces are usually neglected in the
interior of the ,ow but become important near the walls, particularly near the western wall, where a
thin viscoinertial boundary layer is necessary in order for the velocity to satisfy the no-normal ,ow
condition at the wall. In this layer, we balance the Coriolis term with the viscous term. Usually, the
,ow in the interior is fairly simple, although a recent study [15] for the Munk model has indicated
that this is not always the case. In our analysis, we will assume a zonally uniform ,ow in the interior
[45]. Inside our boundary layer we will initially apply the classical boundary layer theory of Prandtl
et al. [26,2,9,10]. While the boundary layer is attached, this theory is appropriate, but Stewartson
[36] has shown that it cannot be extended beyond the separation point due to the Goldstein [10]
separation singularity. The accepted way of dealing with this singularity is to use classical boundary
layer theory before separation and the triple-deck theory of Stewartson [38] after separation; two
excellent reviews of the triple-deck theory are given by Messiter [20] and Smith [31]. The singularity
and subsequent separation are caused by ,ow reversal inside the boundary layer. Cowley [6] has
recently discussed the separation singularity further, claiming that (in his opinion) it was caused by
assuming that the ,ow far from the wall was irrotational. Classical boundary layer theory can both
predict whether separation will occur and also Mnd the location of the separation point. The Mrst part
of this is already covered in the literature, and it is well-known that the boundary layer is attached
when a parameter , which we deMne in Section 2 and which is a measure of the nonlinearity of
the ,ow, is less than a critical value c, while it separates when  exceeds that critical value. This
analysis is presented in [18,19,24] for the Stommel model and in [17,14] for the Munk model. A
study of the stability of the boundary layer in the Munk model is given in [16]. For the Stommel
model, solutions can be written down in closed form while for the Munk model, it is necessary to
solve a nonlinear ODE numerically. Ierley [12] has shown in regional numerical simulations of the
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Munk boundary layer that once the critical value is exceeded, separation occurs, and physically a
counterclockwise eddy is set up in the northwestern corner.
To date, the analytical work has focussed on whether separation (meaning a separation bubble)
occurs; in the present study, we will also consider where it occurs, and we will Mnd that as the
nonlinearity parameter  is increased beyond c, the separation point moves further south. At this
point, some discussion of how separation occurs is called for. In many problems, such as the ,ow
near a small step [7] or the injection problem studied by Smith and Stewartson [34], it is believed that
the separation process is fairly smooth, and follows the Stewartson–Williams [40] path to separation.
In [7], for example, the parameter comparable to our  was the size of the step, and as this was
increased a separated region developed upstream with a pressure plateau characteristic of a detached
,ow [30]. On the other hand, in some problems, e.g. [39], it is found that once the critical parameter
is exceeded and separation occurs, the nature of the ,ow changes completely and the two classes of
attached and detached ,ow do not form a continuous whole. Based on the simulations of [12], we
believe that for the western boundary layer in both the Stommel and Munk models, the change from
attached ,ow with ¡c to detached ,ow with ¿c is a smooth one, and that as  increases,
the separation point moves to the south. South of the separation point, the ,ow remains attached
and classical boundary layer theory is appropriate, but to the north, there is a separation bubble,
and a diFerent approach is needed. Typically, the new approach has been that triple-deck theory is
needed. In this context, we should mention that for  marginally above its critical value, Page and
Johnson [24] were able to construct a solution for ,ow in the corner of the basin, but it is unclear
if this analysis could be extended to larger values of  when the separation point is further from
the corner. We should also mention that ,ow in a corner has been studied in other contexts, with
weak corners considered in [37,29] and strong corners in [28,33].
In the present study, we Mrst present (in Section 2) a classical boundary layer analysis for the
Stommel model that has a separation singularity as discussed above. Rather than use triple-deck
theory, in Section 3 we present a new kind of expansion with which we can both remove the
separation singularity and extend the ,ow beyond separation into the separation bubble.
2. Classical analysis
Our starting point is the time-independent potential vorticity equation on a beta plane with bottom
drag
9( ;∇2 )
9(x; y) +  x =W − r∇
2 ; (1)
where  is the stream function,  is the Rossby parameter, W is the curl of the wind stress, and
r is the friction parameter. For the Munk model, with lateral friction instead of bottom drag, the
last term would be replaced by +Re−1∇4 , where Re is the Reynolds number. In what follows,
we shall consider ,ow in a rectangular basin, xW6 x6 xE and −L6y6L, where physically, the
direction of increasing x corresponds to east and that of increasing y to north, and we shall assume
for simplicity that the ,ow in the interior is zonally uniform (that is, independent of x; [45]), with
the stream function in the interior given by  I = 2cos(y=(2L)) and the curl of the wind stress by
W =−W0 cos(y=(2L)), with W0 = r2=(2L2) for the Stommel model, the corresponding expression
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for the Munk model being W0 = 4=(8ReL4). This stream function/wind stress combination is a
solution of (1), but does not satisfy the conditions at either the eastern or western walls, so that a
boundary layer is required at each of these two walls. Traditionally, the boundary layer analysis for
this problem has been concerned with the ,ow in the northwestern corner, in order to predict whether
or not separation occurs, and that is the path we shall take initially, expanding about the point (xW; L)
on the western wall, introducing the stretched coordinates, = (x− xW)= and = (y− L)=L, where
 = r= is the boundary layer thickness; the corresponding thickness for the Munk model would
be ( Re)−1=3. This boundary layer thickness is found by balancing the viscous and Coriolis terms
inside the boundary layer. With these scalings, the potential vorticity equation inside the boundary
layer becomes
  +


9( ;   +  )
9(; ) =
2
2
sin

2
− (  +  ); (2)
where  = (=L)2 and  = =(L2), so that  is a measure of how strong the nonlinearity is and 
measures the relative sizes of the derivatives with respect to  and  in the Laplacian. If we make
the usual boundary layer approximation and let the boundary layer thickness → 0, we get
  +


9( ;  )
9(; ) =− : (3)
In eFect, we have approximated the Laplacian ∇2 by (92)=(92) inside the boundary layer. The
boundary conditions for  bl, the stream function inside the boundary layer, are that  bl is constant
on = 0, and also that as →∞, we must match onto the ,ow in the interior, so that
 bl → −+ 33=24− 55=1920 + · · · ; (4)
where the right-hand side is simply an expansion of  I, the stream function in the interior, about L.
To solve this, we employ a classical boundary layer ansatz,
 bl ∼ 1() + 33() + 55() + · · · : (5)
In order to satisfy the boundary conditions we require that 1 = 3 = · · ·= 0 on = 0 and that as
 → ∞, 1 → −, 3 → 3=24; : : : . If we substitute this expansion into the equation and group
powers of , at lowest order we get a nonlinear ODE for 1,
′1 + 
′′
1 +


[′1
′′
1 − 1′′′1 ] = 0; (6)
which has a solution that satisMes the boundary conditions
1 = [e− − 1]; (7)
provided that 1 −  + 2 = 0. It is this last equation which tells us if separation occurs. It has a
solution giving  as a function of ,
 =
1±√1− 4
2
: (8)
We should note that this equation has two roots, so that there are two possible solutions for 1. For
the Munk model, [14] have also shown that although two solutions exist for that problem, only one
of the two is stable and the other is unstable and unphysical; we believe the same holds true for the
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Stommel model. The other point to note is that in order for  to be real, which is necessary for our
solution to exist, we require the term inside the radical to be non-negative, so that we require  to
be less than a critical value, c = 14 . If  is greater than this value, then no solution of the assumed
form is possible on the wall, meaning that a separation bubble or recirculation gyre has developed.
This result is well-known [18,24].
At the next order, we get a linear ODE for 3,
(−1 − −2)[′′′3 + e−(333 + 2′3 − 3′′3 − ′′′3 )] + ′′3 + ′3 = 0; (9)
which has a solution that satisMes the boundary conditions
3 =
3
24
+
e−3
 − 2
[
93 − 222 + 11 + 3
24(2 − 3)(3 − 4) −
1
8
( − 1)
]
− ( − 1)
2e−23
4(2 − 3)( − 2) +
( − 1)3e−33
8(3 − 4)(2 − 3)( − 2) : (10)
It should be noticed that these higher order components 3; 5; : : : are singular at certain discrete
values of , namely 2 (the value at which separation Mrst occurs at the northwestern corner), 32 ,
4
3 ; : : : . These singularities are related to the Goldstein separation singularity (see also [35]), and
were discussed in [19]: at those discrete values, if we include additional terms involving log in the
n above, we can remove those singularities, but this does not resolve the problem of continuing
the ,ow past separation. In the context of viscous boundary layer ,ow past a ,at plate, Keith
Stewartson [36] posed the question Is the singularity at separation removable?, and his answer to
his own question was that it was not, at least by the methods considered in that paper. Other than
one or two special cases (e.g. [32]), this has been interpreted to mean that no physically sensible
“classical” solution to the governing equations can be advanced beyond the separation point, and
the traditional approach has been that triple deck theory is required. In the next section, we shall
present a new form of expansion that lets us remove the singularity for this problem, and Mnd the
,ow inside the separation bubble itself.
3. Removing the singularity
Our starting point is the PDE (3) from the previous section. Since the expansion in the previous
section involved increasing powers of e−, in this section, we will attempt an expansion
 =
∞∑
n=0
n()e−n(); (11)
where 0() is the ,ow in the interior, which is assumed to be prescribed. Substituting this into the
governing equation, we Mnd at leading order that () must obey 1− ()− ′0()2==0, which
has a solution
() =

(−1±√1 + (4′0=))
2′0
: (12)
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It should be noted that  is only real if ′0¿ − =4, and from this, we can predict two things:
Mrstly, for given , separation will occur at that value of  for which ′0(s)=−=(4), and secondly,
the critical value of  for separation to occur at all: a separation bubble will form if  lies within
the range of possible values of −=(4′0).
Returning to our expansion, at subsequent orders, we can write the n in terms of 1 and ,
2 =− 
2
1
′′
0 ( − 1)2
′20 ( − 2)(2 − 3)
3 =
31
2
[
− 
′′′
0 ( − 1)3
( − 2)′30 (3 − 4)(2 − 3)
+

′′2
0 (12
2 − 49 + 48)( − 1)4
′40 ( − 2)3(2 − 3)2(3 − 4)
]
4 =
41
3
[
− 
′′′′
0 ( − 1)4
3′40 ( − 2)(2 − 3)(3 − 4)(4 − 5)
− 2
′′3
0 ( − 1)6
3′60 ( − 2)5(2 − 3)3(3 − 4)2(4 − 5)
×(2885 − 27664 + 105263 − 197852 + 18352 − 6720)
+

′′
0
′′′
0 (108
3 − 5932 + 1048 − 600)( − 1)5
3′50 ( − 2)3(2 − 3)2(3 − 4)2(4 − 5)
]
; (13)
in deriving the expression for 3, we have substituted for 2; ′2; ′ and , and similar substitutions
are necessary to derive 4. The terms in this series rapidly become intractable, and so we specialize
to 0 =−2 sin(=2), so that 1− () + ()2 cos(=2) = 0 which has a solution
() =
1∓√1− 4 cos(=2)
2 cos(=2)
; (14)
with
2 =− 
2
1( − 1)2 sin(=2)
2( − 2)(2 − 3) cos2(=2) ;
3 =
31( − 1)3
8( − 2)3(2 − 3)2(3 − 4) cos4(=2)
×[(36− 77 + 502 − 103) cos2(=2) + 123 − 612 + 97 − 48];
4 =
( − 1)441 sin(=2)
24( − 2)5(2 − 3)3(3 − 4)2(4 − 5) cos4(=2)
×
[
3727 − 42426 + 203185 − 528114 + 802803 − 712622 + 34160 − 6816
− 2( − 1)
2
cos2(=2)
(2885 − 27664 + 105263 − 197852 + 18352 − 6720)
]
: (15)
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This obeys the boundary condition as →∞. To satisfy the condition at = 0 ( = constant), we
need
∞∑
n=0
n() = constant (16)
which will give us a transcendental equation for 1. For this ,ow, separation will occur if we can
Mnd  such that 1 − 4 cos(=2)6 0, i.e., if ¿ 14 , and will occur at s = (2=)arccos(1=(4)).
At Mrst glance, our solution (15) still appears to have singularities, since we have terms like ( −
2); (2−3); : : : in the denominators of the n. However, it should be recalled that  is now a function
of , and in addition, the function 1 appears in the numerator. When  = 14 , for example, in the
classical expansion of the previous section, we had ( − 2) = 0, while here we have
()|=1=4 =
2
(
1∓√1− cos(=2))
cos (=2)
∼ 2∓ √
2
+
22
4
+ · · · ; (17)
so that ( − 2)−1 will still be singular at  = 0 when  = 14 . However, in our new expansion, this
singularity can be removed if 1 has a zero at  = 0; in fact, examination of subsequent orders
indicates that we can remove this singularity if 1 = ′1 = 0 at = 0. The other singularities (from
(2−3)−1, etc) can similarly be removed provided 1 has additional zeroes. It is possible, therefore,
to remove the singularities before separation by means other than the traditional analysis involving
logarithms.
It should be noted that expressions (15) for 2; 3; : : : each involve the function 1, which we
know only abstractly from the boundary condition (16), and an explicit expression for 1 would of
course be required to evaluate these expressions. It seems unlikely that truncating the series in (16)
would provide a good estimate of 1, since it would appear that {n} is not an asymptotic sequence
because of which truncating the series after N terms would not necessarily give a better estimate of
1 than truncating the series after N − 1 terms.
With regard to the singularity at separation, the approach above can be used to remove the
separation singularity as we approach the separation point from the attached side, but the solution
above is not valid after separation, because when  cos(=2)¿ 14 , the roots for  are complex, with
=r± ii and 2r cos(=2)=1 and i =r(2=r− 1)1=2. Hence we can no longer Mnd a solution
of the form above, but this does not mean that we cannot Mnd any solution, and it is possible to
construct a solution of the form
 =0() + [1()eii() + c:c:]e−r() + [(2()e2ii() + c:c:) + 20() + 21()]e−2r()
+[3()e3ii() + (30() + 31()+ 32()2)eii() + c:c:]e−3r() + · · · ; (18)
where
2 =
21 sin(=2)
4(r − 2)(4r − 9) cos2(=2)
[
ir
√
2
r
− 1(2r − 5)− 22r + 7r − 6
]
;
21 =
r|1|2 sin(=2)
cos2(=2)
;
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20 =
|1|2(2r − 1)sin(=2)
2 cos2(=2)
+
√
2
r
− 1(′1∗1 − 1∗
′
1 )
ir
 cos(=2)
+(′1
∗
1 + 1
∗′
1 )
r − 2
 cos(=2)
(19)
and we can Mnd similar expressions at higher orders. In addition, 1 (which is complex) must be
such that  =constant on the wall at =0 and that we can match the ,ow in the separation bubble
to the ,ow before separation. What we have been able to do here is remove the Goldstein separation
singularity and construct a solution inside the separation bubble without needing triple-deck theory.
4. Discussion
The principal result of this paper is the new expansion (11,18) posed in Section 3, by means of
which we can both remove the separation singularity in this problem and also extend the ,ow past
separation into the separation bubble (or “recirculation gyre”) without needing triple-deck theory.
We have also given an expression for the location at which separation will occur, and from this,
it follows that the point of separation of the western boundary layer in the Stommel model moves
south as  is increased. The parameter  was a measure of the nonlinearity of the problem, and as
long as it is below a certain critical value (1=4 for the Stommel model, and 0.7913 for the Munk
model with no slip and 0.2966 with slip [14]), the western boundary layer remains attached for the
entire length of the western wall. However, once this critical value is exceeded, separation occurs,
and physically a counterclockwise eddy is set up in the northwestern corner [12].
With regard to separation, physically, we know from accurate numerical solution of the boundary
layer equations [3] that the Goldstein separation singularity will occur at the Mrst point upstream at
which ,ow reversal would occur, and Stewartson [36] has shown that a physically sensible attached
,ow using classical boundary layer theory cannot exist beyond the separation singularity, and so the
boundary layer must separate there. In our problem, the point of separation s corresponds to the
Mrst point at which ,ow reversal would occur as we head north up the western wall. To the south
of this point, the boundary layer is attached, and to the north, it is detached.
Turning to the question of how to analyze the ,ow once separation has occurred, before separation,
the classical boundary layer theory of Prandtl, Blasius and Goldstein [26,2,9,10] is appropriate, but
this theory cannot cope with any ,ow reversal in the boundary layer such as that which would
take place at the Goldstein separation singularity; Brown and Stewartson [3] consider this to be
the main deMciency of the theory. An alternative approach must therefore be adopted. Page and
Johnson [24] were able to use von Mises coordinates to construct a multi-layered solution in a
corner for this problem (without wind stress) when  was just above its critical value of 1=4, so
that separation took place near the corner. For larger values of , when separation occurs further
from the corner, a diFerent approach is almost certainly required, which usually means Stewartson’s
[38] triple-deck theory, which is the accepted technique in conventional boundary layer theory (e.g.
[31,20]). This theory has been successfully applied to ,ows in a corner before, for example in
[28,33]. As mentioned above, the principal result of this paper is the new expansion of Section 3
with which we have been able, for this problem at least, to extend the ,ow past separation into the
recirculation gyre. The million dollar question is what the functions 1 and 1 in the series (11),
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(18) are: we know them only abstractly from the boundary condition (16) and its counterpart within
the separation bubble and the matching condition across the separation point. Because of this, the
present study is more of a road-map than an algorithm. The principal result of the present study
is not a complete solution to the problem, for which we would require explicit expressions for 1
and 1, but rather an answer to Keith Stewartson’s question [36], Is the singularity at separation
removable?, the answer being Yes, at least for this :ow.
The second million dollar question, of course, is whether this same kind of expansion could be
used for a ,ow with lateral friction, such as the Munk model or even the ,at-plate boundary layer,
rather than the bottom drag used here. Our own experience [18] is that in many respects the Stommel
and Munk boundary behave in a similar manner. We believe that it may well be possible to conduct
a similar analysis for that model, although it is not immediately obvious what functions would play
the role of the e−n() used to order the expansion in Section 3, and in addition, any analysis of
the Munk problem would probably need to be largely numerical, along the lines of [17,14], since
the equations there resemble the Falkner–Skan equation, being fourth order, versus third order for
the Stommel model, and there is an additional boundary condition at the wall, coming from either
the no-slip or slip condition as the case may be.
Finally, we should mention that in a recent study, Cousteix and Mauss [5] proposed an expansion
somewhat similar to that used here, although they did not explore the details and were interested
in a diFerent ,ow. They proposed a successive complementary expansion method, in which the
approximation would be constructed step by step without requiring any call for a matching principle,
with the boundary conditions of the problem suRcing to calculate the successive approximations.
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